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The cosmological constant problem is generated by very small scale quantum fields vacuum fluctu-
ations. However, the standard formulation of the cosmological constant problem uses the very large
scale (cosmological scale) homogeneous and isotropic FLRW metric to study the gravitational effect
of these small scale vacuum fluctuations. This is problematic since at small scales both the space-
time metric and the quantum fields vacuum are wildly fluctuating and are highly inhomogeneous
and anisotropic. By using a general fluctuating metric to describe these small scale fluctuations,
we find that the cosmological constant problem does not arise since the large gravitational effect
of the quantum vacuum is hidden by small scale spacetime fluctuations. The stress energy tensor
fluctuations of the quantum fields vacuum could serve as “dark energy” to drive the accelerating
expansion of the Universe through a weak parametric resonance effect.
I. INTRODUCTION
The cosmological constant problem is a fundamental
problem in mordern physics. Since the theoretical pre-
diction is different from the experimental observation by
some 120 orders of magnitude, this problem has been
called “the worst theoretical prediction in the history of
physics”! Its importance has been emphasized by vari-
ous authors from different aspects. For example, it has
been described as a “veritable crisis” [1], an “unexplained
puzzle” [2], “the most striking problem in contemporary
physics” [3] and even “the mother of all physics prob-
lems” , “the worst prediction ever” [4]. It is widely re-
garded as one of the major obstacles to further progress
in fundamental physics [5].
This problem arises at the intersection between quan-
tum mechanics and general relativity. It originates from
two fundamental principles: (i) the uncertainty principle
of quantum mechanics predicts that the quantum fields
vacuum possesses a huge amount of zero-point energy;
(ii) the equivalence principle of general relativity requires
that every form of energy must gravitate in the same way.
Therefore, the huge energy of quantum vacuum must
gravitate to produce a large gravitational effect. In prin-
ciple, one needs a quantum theory of gravity to study
this supposed large gravitational effect. Unfortunately,
no satisfactory quantum theory of gravity exists yet.
In order to proceed, the standard formulation of the
cosmological constant problem still treats gravity as clas-
sical. It assumes the semiclassical Einstein equations:
Gab + λBgab = 8piG〈Tab〉, (1)
where λB is the bare cosmological constant and the
source of gravity is the expectation value of the quantum
vacuum stress energy tensor. Lorentz invariance requires
that in the vacuum 〈Tab〉 takes the form
〈Tab〉 = −〈ρ〉gab, (2)
where ρ is the vacuum energy density. The conservation
of the stress energy tensor
∇aTab = 0 (3)
requires that 〈ρ〉 has to be a constant. Then the grav-
itational effect of the vacuum would be equivalent to a
cosmological constant that the Einstein equations (1) can
be written as
Gab + λeffgab = 0, (4)
where the effective cosmological constant λeff is defined
by
λeff = λB + 8piG〈ρ〉. (5)
In principle, all known and unknown fundamental mat-
ter fields would contribute to 〈ρ〉. The dominant contri-
bution to 〈ρ〉 comes from the quantum zero-point ener-
gies of these fundamental fields. Without the knowledge
of all fundamental fields, it is impossible to determine the
exact value of 〈ρ〉. However, the standard effective field
theory arguments predict that, in general, 〈ρ〉 takes the
form
〈ρ〉 ∼ Λ4, (6)
if one trusts the theory up to a certain high energy cutoff
Λ. This result could have been guessed by dimensional
analysis and the numerical constants which have been
neglected will depend on the precise knowledge of the
fundamental fields under consideration [6]. The exact
value of the cutoff Λ is also not known. The standard
formulation of the cosmological constant problem adopts
the effective field theory philosophy and the cutoff Λ is
usually taken to be at the Planck energy, i.e., Λ = 1 in
Planck units. Then the magnitude of the expectation
value of the vacuum energy density
〈ρ〉 ∼ 1, (7)
where Planck units has been used for convenience.
Note that in this standard formulation of the cosmo-
logical constant problem, the quantum fields vacuum is
still treated as classical. It is actually modeled as a per-
fect fluid which satisfies the vacuum equation of state
(2).
〈ρ〉 is generated by very small scale (Planck scale)
quantum zero-point fluctuations. It contributes to the
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2effective cosmological constant λeff through (5). Thus
λeff is essentially a quantity meaningful at small scales,
it is not directly observable at macroscopic scales.
However, in the standard formulation of the cosmolog-
ical constant problem λeff is directly observable at cos-
mological scale. That is because the standard formu-
lation makes a crucial assumption—the spacetime is ho-
mogeneous and isotropic. Then one can use the standard
FLRW metric of cosmology to describe the spacetime dy-
namics given by the Einstein equations (4):
ds2 = −dt2 + a2(t) (dx2 + dy2 + dz2) . (8)
The solution to (4) under this metric gives an accelerating
universe:
a(t) = a(0)eHt, (9)
where
H =
a˙
a
= ±
√
λeff
3
(10)
describes the rate of acceleration of the universe. It is
either expanding (“+” sign) or contracting (“−” sign)
depending on the initial conditions. In this way, λeff is
related to the macroscopic observable H through (10).
The current Hubble expansion rate H0 provides an up-
per bound for λeff :
λeff = 3H
2 ≤ 3H20 ∼ 10−122, (11)
where Planck units have been used for convenience.
Therefore, λeff is different from 〈ρ〉 by 122 orders of
magnitude, one has to fine-tune the bare cosmoogical
constant λB to a precision of 122 decimal places to cancel
〈ρ〉 to match the observation. This problem of extreme
fine-tuning is the so called cosmological constant problem
[1].
The history of the cosmological constant problem is
long and rich (see e.g. [7] for more historical reviews). It
is present immediately after the birth of quantum field
theory if gravity is considered. The discovery of the ac-
celerating expansion of the Universe [8, 9] in 1998 has fur-
ther strengthened the importance of this problem. Before
1998, one only needs to worry about the “old” cosmo-
logical constant problem of explaining why the effective
cosmological constant λeff is not large. Many people had
believed that λeff is so small that it could only be zero.
Thus the discovery of a nonzero λeff in 1998 came as a
surprise. After this discovery one also has to face the
challenge of the “new” cosmological constant problem of
explaining why λeff has such a specific small value from
the observation, which is the same order of magnitude
as the present mass density of the Universe (coincidence
problem).
This problem is no doubt the largest discrepancy be-
tween theory and experiment. Such a large discrepancy
implies that something must be wrong.
II. OUR APPROACH
Most “conventional” approaches propose that the large
vacuum energy density predicted by the uncertainty prin-
ciple is wrong or the universality of the gravity required
by the equivalence principle is wrong. They either try
to modify quantum mechanics in some way to make the
vacuum energy density small or try to modify general
relativity in some way to make the large vacuum energy
not gravitate.
In this paper, we propose an “unconventional” ap-
proach. In our approach, neither quantum mechanics
nor general relativity needs to be modified. We point
out that it is the assumption of the homogeneous and
isotropic spacetime in the standard formulation is wrong.
This assumption is reasonable at cosmological scale, but
is not true at small scales (Planck scale). This problem
is generated by small scale quantum fluctuations, there
is no reason to expect that the cosmological FLRW met-
ric (8) is still applicable at such small scales. In fact, at
small scales the spacetime metric is wildly fluctuating. It
is highly inhomogeneous and anisotropic for the following
reasons.
First, the vacuum energy density ρ is not a constant
because the vacuum is not an eigenstate of the energy
density operator T00, although it is an eigenstate of the
Hamiltonian H = ∫ dx3T00, which is an integral of T00
over the whole space. So the average energy density over
a relatively large length scale ( 1/Λ) is nearly constant,
but, at small length scales (∼ 1/Λ), ρ can not be a con-
stant, it is always fluctuating. In fact, the magnitude of
the fluctuation is as large as its expectation value [10]
∆ρ ∼ 〈ρ〉. (12)
More detailed analysis shows that these fluctuations are
highly inhomogeneous at small scales [10]. In general,
since the vacuum state is not an eigenstate of the stress
energy tensor operator Tab, the whole stress energy ten-
sor would be violently fluctuating and highly inhomoge-
neous.
Then the resulting spacetime sourced by such wlidly
fluctuating and highly inhomogeneous vacuum is by no
means homogeneous. Moreover, besides these “passive”
fluctuations driven by the fluctuations of the matter field
vacuum stress energy tensor, the spacetime also expe-
riences “active” flucutaions due to the quantum nature
of gravity itself. This was already anticipated by John
Wheeler [11, 12] in 1955 that over sufficiently small dis-
tances and sufficiently small brief intervals of time, the
“very geometry of spacetime fluctuates”. The space-
time would have a foamy, jittery nature and would con-
sist of many small, ever-changing, regions. This picture
of highly inhomogeneous fluctuating spacetime is called
“spacetime foam”.
Therefore, we should not trust the standard formula-
tion of the cosmological constant problem which is based
on the homogeneous and isotropic FLRW metric.
3III. THE FLUCTUATING SPACETIME
A more general metric is needed to describe the highly
inhomogeneous and anisotropic spacetime foam struc-
ture. To do this, we start from the most general metric
which is used in the initial value formulation of general
relativity:
ds2 = −N2dt2 + hab(dxa +Nadt)(dxb +N bdt), (13)
where the lapse function N , the shift vector Na and the
spatial metric hab depend on both the temporal coordi-
nate t and the spatial coordinate x = (x1, x2, x3). This
metric gives a 3 + 1 decomposition of the spacetime by
slices Σt defined by t = constants. It describes the time
development of the dynamical variable hab(t,x) on the
3-dimensional hypersurface Σt along the “flow of time”
given by the vector ta = Nna + Na, where na is the
unit normal vector field of Σt. N and N
a are not con-
sidered dynamical and can be chosen freely since they
merely prescribe how to “move forward in time” (see e.g.
[13, 14]).
Unlike the homogeneous spacetime described by the
FLRW metric (8) where the spatial curvature R(3) of
Σt is zero, in the fluctuating spacetime described by the
metric (13), R(3) at each point of Σt is large and fluc-
tuating. This fluctuation is not arbitrary, it satisfies the
Hamiltonian constraint (see e.g. [15]):
R(3) −KabKab +K2 = 2 (λB + 8piGρ) , (14)
where the extrinsic curvature Kab =
1
2Lnhab is the Lie
derivative of hab with respect to n
a, the mean curvature
K is the trace of Kab defined by K = h
abKab.
Since the observed macroscopic spatial curvature of the
Universe is very small, the large curvature fluctuation
of R(3) at small scales should be able to be averaged
out to small value macroscopically. In other words, we
need to find a spacetime foliation {Σt}t∈R for which the
macroscopic average 〈R(3)〉∣∣
Σt
≈ 0. To do this, we start
from an arbitrary initial hypersurface Σ0 in our given
fluctuating spacetime. Taking spatial average over Σ0 on
both sides of (14) gives
〈R(3)〉
∣∣∣
Σ0
= 2λeff +
〈
KabK
ab −K2〉 ∣∣∣
Σ0
. (15)
So the requirement
〈
R(3)
〉 ∣∣
Σ0
≈ 0 imposes a constraint
on the effective cosmological constant:
λeff ≈ −1
2
〈
KabK
ab −K2〉 ∣∣∣
Σ0
. (16)
Expanding the terms KabK
ab −K2 gives:
KabK
ab −K2 (17)
=
∑
i 6=j 6=k
MkK
2
ij +
∑
{i,j}6={k,l}
(
hikhjl − hijhkl)KijKkl,
where
Mk = h
iihjj − (hij)2 , k 6= i 6= j, (18)
is the kth principal minor of hab. Since by definition the
metric matrix hab is positive definite, we have Mk > 0.
The extrinsic curvature Kab has 6 independent com-
ponents, it describes the rate of change of the spatial
metric hab in the direction orthogonal to Σ0. The mean
curvature K describes the average property of Kab. It is
related to the spatial volume element
√
h dx1 ∧dx2 ∧dx3
by K = 1√
h
Ln
√
h, where h = det(hab) is the determinant
of hab. So physically, K > 0 means on average the space
is locally expanding while K < 0 means on average the
space is locally contracting.
Since general relativity is time reversal invariant, for
every expanding solution K > 0 there is a correspond-
ing contracting solution K < 0. Or more precisely,
if (hab,Kab) is an allowed initial data on Σ0, so is
(hab,−Kab) [16]. Thus, for {i, j} 6= {k, l}, the follow-
ing four pairs of components
(Kij ,Kkl), (Kij ,−Kkl), (−Kij ,Kkl), (−Kij ,−Kkl)
are equally likely to happen on Σ0. Then because in
general, there is no particular relationship between the
components of the extrinsic curvature, we have, for the
second term in (17), the above four cases would statisti-
cally cancel each other that the macroscopic spatial av-
erage〈(
hikhjl − hijhkl)KijKkl〉 = 0, {i, j} 6= {k, l} (19)
for a large collection of possible choices of Σ0. So only
the first term in (17) survives after the spatial averaging
that we have
λeff ≈ −
∑
1≤i<j≤3
i6=j 6=k
〈MkK2ij〉
∣∣∣
Σ0
< 0. (20)
The subsequent evolution of 〈R(3)〉 depends on the
choice of N and Na. For a large negative λeff , once Σ0 is
chosen to make 〈R(3)〉∣∣
Σ0
≈ 0, it can be shown that if we
choose the average 〈N〉 = 1, 〈Na〉 = 0, the subsequent
evolution would keep1 〈R(3)〉∣∣
Σt
≈ 0.
The subsequent evolution of the initial data (hab,Kab)
is very complicated. Fortunately, the evolution of their
average properties described by the determinant h of hab
and the trace K of Kab are relatively simple. Let us
generalize the “global” scale factor a(t) in the FLRW
metric (8) to the “local” scale factor a(t,x) by letting h =
a6. Since the spatial volume element
√
h = |a|3, |a(t,x)|
describes the relative “size” of space at each point.
Without loss of generality of the metric, we can choose
the shift vector Na = 0. Then we have K = 3a
da
dτ and a
satisfies the evolution equation2
d2a
dτ2
+
(
1
3
(
2σ2 − λeff − D
aDaN
N
)
+ Fx(t)
)
a = 0,
(21)
1 See Sec. IV of [17] for more details.
2 See Sec.III and Sec.V of [17] for details of the derivation of the
evolution equation (21)
4where dτ = Ndt, σ2 > 0 is the shear which characterizes
the magnitude of the local anisotropy, λeff is the effective
cosmological constant defined by (5), and Fx(t) is the
vacuum stress energy tensor fluctuation term defined by3
Fx(t) =
4piG
3
(
ρ+ habTab −
〈
ρ+ habTab
〉)
. (22)
Physically, (21) describes the dynamical evolution of
the local scale factor a measured by the local Eulerian
observer who stays at x = constant. There is an external
force F = mDN/N (where D = (D1, D2, D3)) acting on
the Eulerian observer to maintain its constant position.
The effect of this external force on the evolution of a is
represented by the term DaDaN/N in (21). We should
use free falling observers who only feel gravity to measure
the local evolution of a so that a represents only the
effect of gravity. In other words, we need to choose N to
be spatial independent or at least to make the average
〈DaDaN/N〉 = 0 to make sure the average effect of the
external forces to be zero. The simplest choice is N = 1
and then the metric (13) becomes
ds2 = −dt2 + hab(t,x)dxadxb. (23)
The evolution equation (21) reduces to
a¨+
(
1
3
(
2σ2 − λeff
)
+ Fx(t)
)
a = 0. (24)
Next we study dynamics of a given by the evolution
equation (24) when λeff is negative as required by (20).
By definition, the term Fx(t) which represents the vac-
uum stress tensor fluctuations has zero expectation value.
For simplicity, we first exclude this term and study the
following equation
a¨+
1
3
(
2σ2 − λeff
)
a = 0. (25)
The exact dynamics given by (25) is actually chaotic
since the shear σ2 satisfies another complicated nonlinear
equation (Eq.(72) in [17]). However, important qualita-
tive behaviors of a can still be obtained. In fact, since
σ2 > 0 and −λeff > 0 that 13
(
2σ2 − λeff
)
must be posi-
tive, the equation (25) describes an oscillator with vary-
ing frequency. Thus the solution for a must be oscillating
around 0. In this process, the determinant h = a6 ≥ 0
decreases continuously to 0 and then bounces back to
positive values as a crosses 0 (see FIG. 1). Physically,
this means, on average, the space locally collapses to
zero size and then immediately bounces back. It will
then collapse and expand again and again, i.e., locally,
3 For simplicity, here we have assumed that the vacuum equation
of state (2) is valid so that the λeff in (24) equals to the λ
′
eff in
Eq.(65) of [17]. Whether (2) is valid or not does not affect our
final result.
0
t
a
0
t
h
FIG. 1. Schematic plots of the oscillations of the local scale
factor a, the local determinant h = a6. As a goes across
0, h decreases continuously to 0 and then increases back to
positive values. The amplitude of a grows exponentially with
a tiny exponent H = αΛe−β
√−λB
Λ (Eq.(29)) which gives an
accelerating universe.
the space is alternatively switching between expansion
and contraction4.
Since on the initial Cauchy surface Σ0, K > 0 and
K < 0 are equally possible initial data, we have that in
general the initial conditions a(0,x) and a˙(0,x) for the
oscillator equation (25) would take different values at dif-
ferent spatial points. So the phases of these oscillations
of a(t,x) at different spatial points would be different. In
other words, at any instant of time t, the space would be
expanding at one point and contracting at neighboring
points and vice versa. These phase differences result in a
large cancellation between the local expansions and con-
tractions when performing the macroscopic average over
the hypersurfaces Σt. Note that the macroscopic average
does not require a very large volume: a cubic centime-
ter contains some 10100 Planck-size regions. Therefore,
we have the average 〈K〉 over Σt approaches 0 for any
sensible macroscopic average procedure. The observed
macroscopic volume of the space would then approach a
constant:
V (t) =
∫
d3x
√
h =
∫
d3x|a|3 = constant. (26)
Thus in this spacetime the large cosmological constant
λeff has a huge effect at small scale but becomes hidden
macroscopically.
Now we study the effect of the vacuum stress tensor
fluctuation by putting the Fx(t) term back. Its mag-
nitude goes as Fx(t) ∼ GΛ4. If the term −λeff =
−λB − 8piG〈ρ〉 in (24) is dominant over Fx(t), i.e., if
−λB  Λ2 ≥ GΛ4 (assuming Λ ≤ EP ), the term Fx(t)
would just serve as a perturbation on the dynamics of
a(t,x) determined by (25). This perturbation should be
unstable. A weak parametric resonance effect is expected
4 a = 0 are actually curvature singularities, it is necessary to as-
sume that the spacetime evolution can continue beyond a = 0
and the bounces happen. We argue that this continuation is quite
natural, at least follows the evolution equation (25) a would not
stop at 0. For more detailed discussions, see Sec. VIII C of [17].
5to happen that the perturbed solution to (24) is asymp-
totic to5
a(t,x) ∼ eHta0(t,x), H > 0, (27)
where a0(t,x) is the solution to (25). Then the observed
macroscopic volume of the space would be
V (t) =
∫
d3|a|3 = e3HtV (0). (28)
So H represents the Hubble expansion rate produced
by the vacuum stress energy tensor fluctuations. This
produces an slowly accelerated expanding universe. The
magnitude of H is related to the bare cosmological con-
stant λB and the high energy cutoff Λ by
6
H = αΛe−β
√
−λB
Λ , (29)
where α, β > 0 are two dimensionless constants whose
values depend on the detailed fluctuation property of
Fx(t).
In this fluctuating spacetime, the λeff defined by (5) is
large and negative, it is not a macroscopically observable
quantity. From (29) we obtain a new macroscopically
observable effective cosmological constant:
λ
(new)
eff = 3H
2 = 3α2Λ2e−2β
√
−λB
Λ . (30)
Due to the exponential suppression, λ
(new)
eff is naturally
small if
√−λB/Λ is large, no fine-tuning of λB to the
accuracy of 10−122 is needed.
IV. CONCLUSION
The cosmological constant problem is essentially a
quantum gravity problem. As mentioned in the intro-
duction section that since there is no satisfactory quan-
tum theory of gravity yet, the standard formulation of
this problem treats both gravity and quantum vacuum as
classical. Similarly, in our approach the gravity and the
quantum vacuum are also treated as classical. The only
difference is that in the standard formulation the quan-
tum vacuum is modeled as a perfect fluid, the spacetime
is assumed to be homogeneous and isotropic, while in our
approach the quantum vacuum is modeled as a classical
fluctuating field, the spacetime is highly inhomogeneous
and anisotropic. Since one of the most important fea-
tures of a quantum system is the quantum fluctuation
arose from the uncertainty principle, our classically fluc-
tuating spacetime should, at least to a certain extent,
reveal some quantum fluctuation feature of the future
satisfactory quantum theory of gravity.
We have shown that once these fluctuations at small
scales are properly considered, the cosmological constant
problem does not arise since the large gravitational effect
of the quantum vacuum is hidden at small scale space-
time fluctuations. The stress energy tensor fluctuations
of the quantum fields vacuum could serve as “dark en-
ergy” to drive the accelerating expansion of the Universe
through a weak parametric resonance effect. This mech-
anism shows that the physics happens at the smallest
(Planck) scale may have effects on the largest (cosmolog-
ical) scale.
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